Large-area sky surveys show that massive galaxies undergo at least one major merger in a Hubble time. If all massive galaxies host central supermassive black holes (SMBHs), as is inferred from observations in the local Universe, it is likely that there is a population of binary SMBHs at the centres of galaxy merger remnants. Numerous authors have proposed pulsar timing array (PTA) experiments to measure the gravitational wave (GW) emission from binary SMBHs. In this paper, using the latest observational estimates for a range of galaxy properties and scaling relations, we predict the amplitude of the GW background generated by the binary SMBH population. We also predict counts of individual binary SMBH GW sources. Included in our modelling are observational estimates for (i) the average time between major mergers for galaxies with stellar masses M * > 10 10 M ⊙ and redshifts z < 3, (ii) the early-and late-type galaxy stellar mass functions for z < 3 and (iii) relations between galaxy and spheroid stellar masses and between spheroid and SMBH masses. We assume that all binary SMBHs are in circular orbits evolving under GW emission alone, which is likely to be correct for binaries emitting GWs at frequencies 10 −8 Hz. Our fiducial model results in a characteristic strain amplitude of the GW background of A yr = (1.2
INTRODUCTION
Astrophysical gravitational waves (GWs) affect long-term timing measurements of radio pulsars (Estabrook & Wahlquist 1975; Sazhin 1978; Detweiler c 2014 RAS 1979 . GW-induced metric perturbations at the Earth cause variations in pulse arrival times that differ between pulsars only by geometric factors. Hence, a specific GW signal may be directly detected using contemporaneous timing measurements of multiple pulsars. Such 'pulsar timing arrays' (PTAs; e.g., Foster & Backer 1990) have been constructed by three groups: the Parkes Pulsar Timing Array (PPTA; Manchester et al. 2013) , the European Pulsar Timing Array (EPTA; Kramer & Champion 2013) and the North American Nanohertz Observatory for Gravitational Waves (NANOGrav; McLaughlin 2013) . These groups also share data as part of the International Pulsar Timing Array (IPTA; Hobbs et al. 2010) . Currently, at least 50 millisecond pulsars are observed with cadences of 2 − 4 weeks, and datasets stretching for 5 − 30 yr exist for 34 of these pulsars (Manchester & IPTA 2013) . These timescales imply that PTAs are sensitive to GWs in the frequency band 10 −9 − 10 −7 Hz, which is complementary to other GW detection experiments.
The best-studied sources of GWs within the PTA frequency band are binary supermassive black holes (SMBHs). Stellar-or gas-dynamical evidence exists for SMBHs at the centres of 87 nearby galaxies at the time of writing (Kormendy & Ho 2013) , with masses M• ranging between 10 6 − 10 11 M⊙. Phenomenological models of the buildup of the SMBH mass density during bright quasar phases for redshifts z < 5 (e.g., Yu & Tremaine 2002; Shankar et al. 2013 ) suggest short quasar lifetimes, which, coupled with local correlations between M• and properties like galaxy spheroid mass M sph (e.g., McConnell & Ma 2013; Kormendy & Ho 2013) , imply that all massive galaxies (M * > 10 10 M⊙) that formed since the z ∼ 2 peak of quasar activity host SMBHs (see also Miller et al. 2014) .
In the context of hierarchical structure formation, galaxy mergers are integral to the formation histories of massive galaxies, and evidence for interacting galaxies is seen across most of cosmic time (Barnes & Hernquist 1992) . Multiple SMBHs are therefore expected to be found in merger products. Indeed, pairs of active galactic nuclei (AGN) are observed in galaxies in the late stages of mergers (Merritt & Milosavljević 2005) , with projected separations as small as 7 pc (Rodriguez et al. 2006) . From a theoretical perspective, the central SMBHs in a pair of merging galaxies will sink in the merger remnant potential well through dynamical friction and form a bound binary (e.g., Begelman et al. 1980; Khan et al. 2012) . Dynamical friction becomes inefficient once stars within the binary orbit are ejected, and the slingshot scattering of stars on radial orbits (Frank & Rees 1976; Quinlan 1996; Yu 2002) or friction against circumbinary gas (Escala et al. 2004; Dotti et al. 2007; Roedig et al. 2011 ) is required to drive further orbital decay. At a binary component separation of ≪ 1 pc, energy and angular momentum losses to gravitational wave (GW) emission can lead to SMBH-SMBH coalescence within a Hubble time (e.g., Peters & Mathews 1963) . A few candidate binary SMBHs with such separations have been identified (e.g., Valtonen et al. 2008; Boroson & Lauer 2009; Eracleous et al. 2012 ).
We thus infer the existence of a large cosmological population of binary SMBHs, some of which emit GWs in the PTA frequency band. If the orbits of all binary SMBHs radiating GWs in the PTA frequency band are circular and evolving under GW emission alone, the summed GW signals from all binaries together have the expected spectral form (e.g., Phinney 2001) :
Here, hc(f ) is the GW characteristic strain per logarithmic frequency unit, f is the GW frequency at the Earth, fyr = (1 yr) −1 and Ayr is the characteristic spectral amplitude at fyr. The summed signals from binary SMBHs collectively form a GW background (GWB). Coalescing pairs of SMBHs also emit GW 'memory' bursts (Braginskii & Thorne 1987; Favata 2009 ), which are abrupt, propagating metric changes that may be detectable in pulsar timing measurements (e.g., Madison et al. 2014) .
Physical models for the binary SMBH population typically include cold dark matter predictions for the halo merger rate, analytic or numerical estimates of galaxy merger and binary SMBH formation timescales, physicallymotivated models for the cosmic evolution of the galaxy and SMBH population and the assumption of GW-driven binary orbital evolution (Wyithe & Loeb 2003; Enoki et al. 2004; Sesana et al. 2008; Ravi et al. 2012; Kulier et al. 2013) . Once tuned to reproduce observables such as local M•−galaxy relations, the galaxy stellar mass function (GSMF) and colour distribution, and the quasar luminosity function, these models result in estimates of Ayr in the range 10 −16 − 2 × 10 −15 . The exact value depends on, for example, the specific cosmological parameters, galaxy merger timescales and models for SMBH formation and growth. Models for the binary SMBH population that incorporate observational information on the galaxy merger rate (Jaffe & Backer 2003; ) find similar values of Ayr. While various works suggest that individual binary SMBHs can be viable continuous-wave (CW) sources of GWs for PTAs (Sesana et al. 2009; Ravi et al. 2012) as well as viable sources of memory bursts (van Haasteren & Levin 2010; Cordes & Jenet 2012; Madison et al. 2014) , quantitative predictions of source counts have only been calculated for CW sources using physical models (Sesana et al. 2009 ).
All PTA collaborations are actively searching for these three types of GW signal from binary SMBHs: a GWB, CWs from individual binaries and memory bursts from coalescing binaries. Shannon et al. (2013) used the first PPTA data release to show that Ayr < 2.4 × 10 −15 with 95% confidence. Constraints on individual binary SMBHs with an earlier PPTA dataset showed that binaries with component masses M• > 10 10 M⊙ and with separations of less than 0.2 pc cannot exist as far away as the Virgo cluster (Yardley et al. 2010) . A recent analysis of NANOGrav data by Arzoumanian et al. (2014) extends these constraints by approximately a factor of two in distance. No search for memory bursts with PTA data has so far been published. Wang et al. (submitted) describe an unsuccessful search for memory bursts using the first PPTA data release.
In this paper, we use observational estimates of the galaxy merger rate and the M• − M sph relation to characterise the binary SMBH population emitting GWs in the PTA band. A similar study has previously been published by , who used multiple observational estimates of relevant quantities to predict a range of possible GWB amplitudes. The novel, motivating features of our work are:
• We use only the most demonstrably accurate observational estimates and their error ranges to describe the binary SMBH population. Our approach produces predictions that directly reflect our current knowledge of the relevant observable quantities.
• We calculate a selection of possible values of the GWB characteristic strain amplitude, Ayr, in order to provide a guide to the scientific conclusions that PTAs may motivate (see Table 1 ).
• We present the first calculation using an observationsbased approach of the expected counts of individual binary SMBH GW sources, and the first calculation of the expected counts of GW memory bursts.
In §2, we outline our model, and present our results in §3. We interpret and discuss our results in §4. We state the key implications of this work for PTAs in §5. We summarise our conclusions in §6. Throughout this work, we adopt a concordance cosmology based on results from the Planck satellite (Planck Collaboration et al. 2013) , including H0 = 67.8 km s −1 Mpc −1 , ΩΛ = 0.692 and ΩM = 0.308.
AN EMPIRICAL MODEL FOR GWS FROM BINARY SMBHS
We begin this section by describing an empirical model for the coalescence rate of pairs of SMBHs, including how we characterise the merging galaxy population and how we assign SMBH masses to each galaxy. We then summarise the theory of how GW signals from binary and coalescing SMBHs can be calculated given the SMBH-SMBH coalescence rate, and outline how our calculations are performed. We finish with a list of key fiducial assumptions, and also describe modifications to these assumptions that we consider.
The SMBH-SMBH coalescence rate
A selection of observed quantities need to be combined to determine the all-sky coalescence rate of pairs of SMBHs. These include the average time between mergers for individual massive galaxies, the numbers of galaxies of different types and stellar masses, relations between the stellar masses of spheroids and galaxies and relations between SMBH and spheroid masses. We use the first two of these quantities to derive the numbers of galaxies of different masses merging per unit time at different redshifts. We assume that each galaxy contains a SMBH with a mass related to the spheroid mass, and that the time for SMBH-SMBH coalescence following a galaxy merger is shorter than the time between mergers. This assumption implies that every massive galaxy merger corresponds to a SMBH-SMBH coalescence event.
We therefore specify the masses of the coalescing SMBHs using the empirical spheroid-galaxy and SMBH-spheroid relations. Below, we first provide a theoretical framework for this subsection, and then describe each observed quantity.
Theoretical framework
We express the galaxy merger rate as
where Nmrg is the number of mergers between two galaxies of combined stellar mass M * (1 + µ * ), µ * is the ratio between the smaller and larger galaxy stellar masses and z is the cosmological redshift. The merger rate, Φmrg, is defined as the number of mergers per unit M * , µ * , z and observer time t. In Equation (3), N gal is the number of galaxies across the entire sky with a given M * at a given z. This is related to the standard GSMF, Φ * (M * , z), as
where
is the sky-integrated comoving volume shell between redshifts z and z + dz. In Equation (4),
is the probability density function for a galaxy merger event with mass M * at redshift z having a mass ratio µ * ,
is the average proper time between major mergers for a galaxy with a mass M * at redshift z and
is the number of mergers, nmrg, per unit proper time, tp, for a single galaxy with a mass M * at redshift z.
In order to convert galaxy stellar masses to spheroid masses, we distinguish between quiescent, bulge-dominated early-type galaxies and star-forming, disk-dominated latetype galaxies. We write the GSMF as a sum of the stellar mass functions of early-(Φ * , early ) and late-type (Φ * , late ) galaxies:
We relate M * to M sph for early-and late-type galaxies using functions M sph, early (M * ) and M sph, late (M * ) respectively, which are described in §2.1.4.
To convert between galaxy spheroid masses, M sph , and central SMBH masses, M•, we use the widely-known loglinear M• − M sph relation (e.g., Kormendy & Ho 2013) . We express this relation as
2 ) denotes a normal probability density function with centre µ and variance σ 2 and α, β and the intrinsic scatter, ǫ, are observationally-determined constants. It is important to account for intrinsic scatter in the M• − M sph relation when inferring the SMBH mass function from the spheroid mass function (e.g., Aller & Richstone 2002 ), because to not do so would lead to the SMBH mass function being underestimated.
The times between galaxy mergers
Observational estimates of Γ(M * , z) require knowledge of two quantities (for a review, see Conselice 2014) . These include an estimate of the fraction of galaxies fgm within a mass-complete sample at a given redshift that are undergoing mergers and the proper time τm during which merger events can be observationally identified. Then, Γ(M * , z) = τm/fgm. In this work, we focus on major mergers with mass ratios µ * 1/3, because these systems are likely to dominate the GW signal (e.g., Sesana et al. 2004 ) and because the rate of major mergers is better constrained through multiple observational techniques than the rate of minor mergers (Conselice 2014) . Conselice et al. (2009) used structural analyses of concentration, asymmetry and clumpiness (the 'CAS' parameters) to identify systems in the process of merging among ∼ 22000 galaxies in the COSMOS and Extended Groth Strip surveys with M * > 10 10 M⊙ at z < 1.2. This technique is sensitive to major mergers in particular (Conselice 2003) . Their analysis was combined with theoretical estimates of τm using CAS analyses of N-body hydrodynamical simulations of various merging galaxy systems (Lotz et al. 2008 ). The resulting best-fit expression for Γ(M * , z) was Γ(M * , z) = (13.8 ± 3.1)(1 + z) −1.6±0.6 Gyr (7)
for galaxies with M * > 10 10 M⊙, corresponding to the galaxies we consider in this paper. The results of Conselice et al. (2009) are consistent with the work of Xu et al. (2012) , who used counts of galaxy pairs with projected separations between 5 h −1 kpc and 20 h −1 kpc from the COSMOS survey to estimate fgm for all z < 1. The fitting formula in Equation (7) is also consistent with results at higher redshifts (Conselice 2014) . The merger timescales are averaged over both field and cluster environments, and hence account for environmental dependencies in galaxy merger rates. We adopt Equation (7) for z < 3, and also assume dP d log(µ * ) = constant, as is observed for major mergers (Xu et al. 2012) . Uncertainties in Γ(M * , z) for z 1 do not significantly affect our predictions for GW signals from binary SMBHs, because, as we shall show, these signals are dominated by contributions from binary SMBHs at lower redshifts.
The GSMF
We use the latest measurements of the GSMF for z < 3 in the range 10 10 M⊙ M * 10 12 M⊙ based on the COS-MOS/UltraVISTA catalogue (Muzzin et al. 2013) . These measurements are the most accurate determination of the stellar mass function in this redshift and mass range, and are consistent with other results. Stellar mass functions for quiescent (early-type) and star-forming (late-type) galaxies were estimated using a cut in U − V and V − J colour space, and are given in Table 1 of Muzzin et al. (2013) . Binary SMBHs formed in mergers of galaxies of these masses dominate the total GW signal (e.g., Sesana et al. 2004 ).
Relating
We use a simple scheme to relate M * to M sph for earlyand late-type galaxies, which we derive from measurements of typical bulge luminosity fractions for various galaxy morphological types (Simien & de Vaucouleurs 1986 ) and the distributions of galaxy morphological types at different M * (Shimasaku et al. 2001; Kauffmann et al. 2003 ). Simien & de Vaucouleurs (1986) found a relation in the local Universe for S0−Sc galaxies between morphological type, T , and the fraction of galaxy light in the bulge, which, assuming a constant mass-to-light ratio across each galaxy, corresponds to the ratio M sph /M * for each T . Shimasaku et al. (2001) identified a correlation between T and the galaxy concentration index C using a sample of bright galaxies, and Kauffmann et al. (2003) used a much larger galaxy sample to derive the distributions of C in different M * -ranges. Combining these two results with the work of Simien & de Vaucouleurs (1986) , we obtain the following for M * 10 10 M⊙:
This scheme is roughly consistent with , who instead assumed M sph, early (M * ) = 0.25M * for M * < 10 10 M⊙, M sph, early (M * ) = 0.9M * for M * > 10 11 M⊙ and a log-linear scaling in the ratio M sph, early /M * with M * between 0.25 and 0.9 for 10 10 M⊙ M * 10 11 M⊙. In the same way as accounting for scatter in the M• − M sph relation raises the inferred SMBH mass function (e.g., Aller & Richstone 2002) , the spheroid mass function inferred from the GSMF could be raised if log-normal scatter were present in the M sph −M * relation (i.e., in Equations 8 and 9). The nature of any intrinsic scatter in M sph for a given M * is difficult to estimate from current observations, although it is likely to be larger for late-type galaxies than for early-type galaxies (Simien & de Vaucouleurs 1986) . As a demonstration of the effects of this scatter, we consider a case where M sph, late (M * ) has lognormal intrinsic uncertainty with standard deviation 0.2 dex, and where M sph, early (M * ) has lognormal intrinsic uncertainty with standard deviation 0.05 dex. These uncertainties can be simply combined with the scatter in the M• − M sph relation by modifying Equation (6) as follows:
where σi = 0.2 for i corresponding to late-type galaxies and σi = 0.05 for i corresponding to early-type galaxies. As a fiducial case, we use Equations (8) and (9) without intrinsic scatter to relate M sph to M * .
The current collation of SMBH and spheroid mass measurements in the local Universe results in α = 0.49
−0.05 , β = 1.16±0.08 and ǫ = 0.29 for the M• −M sph relation given in Equation (6) (Kormendy & Ho 2013) . Various authors infer modest redshift evolution in these relations such that the typical ratio M•/M sph may be up to a factor of ∼ 3 larger at z 2 than the local value (Kormendy & Ho 2013 , and references therein). This can be approximately represented by letting α = α0(1 + z)
K with K = 1 and α0 = 0.49. As a fiducial case, however, we assume the conservative value of K = 0.
GW signals from binary and coalescing SMBHs
In this paper, we assume that all binary SMBHs are in circular orbits that evolve only under losses of energy and angular momentum to GWs. While the effects of binary SMBH environments and non-zero orbital eccentricities could modify the GW characteristic strain spectrum from the form in Equation (1) at frequencies up to 10 −8 Hz at the Earth, these effects are highly uncertain (Kocsis & Sesana 2011; Ravi et al. 2014) . For frequencies f > 10 −8 Hz within the PTA band (e.g., at f = fyr), the characteristic strain spectrum does indeed take the form of Equation (1), as the orbits of all binaries radiating GWs at these frequencies are expected to have circularised because of GW-driven evolution. Our assumption also allows for direct comparison with the majority of studies on this topic (Jaffe & Backer 2003; Wyithe & Loeb 2003; Enoki et al. 2004; Sesana et al. 2008; Ravi et al. 2012; Kulier et al. 2013; .
A circular SMBH binary radiates monochromatic GWs at twice its orbital frequency, with a rms strain amplitude given by (e.g., Sesana et al. 2008 )
where G is the universal gravitational constant,
is the binary SMBH chirp mass with M• 1 and M• 2 as the individual SMBH masses, c is the vacuum speed of light, D(z) is the comoving distance and f is the received GW frequency. The rate of evolution of the GW emission frequency of an isolated binary SMBH is
For the wide orbits of the binary SMBHs under consideration here, and over typical PTA observation times of ∼ 10 yr, individual binaries are effectively non-evolving (e.g., Sesana et al. 2009; Lee et al. 2011 ). The sinusoidal variations in the times of arrival (ToAs) of pulses from radio pulsars induced by GWs from circular binary SMBHs are described in, e.g., Hobbs et al. (2009) and Sesana et al. (2009) . From the latter work (their Equation 20), the characteristic (root-mean-square) amplitude of the ToA variations induced by a circular binary SMBH, averaged over all orientation parameters, over an observation time T is given by σR = 8 15
Finally, a memory burst from a coalescing binary SMBH has a strain amplitude of (Favata 2009; Cordes & Jenet 2012) hmem = 3.34 × 10
is the reduced mass of the coalescing binary system. To calculate the amplitude, Ayr (see Equation 1), of the GWB for a population of binary SMBHs, consider a multivariate density function, fX, for the observed binary SMBH coalescence rate, R, in terms of a k-component parameter vector X with components Xi indexed by an integer i:
Following, e.g., Sesana et al. (2008) , Ayr is given by
Here,
−1 for the domains of t and f under consideration.
Assembling the model
Mergers between galaxies with masses M * and M * µ * come in four flavours, because the galaxies with each mass may be either early-type or late-type. In each case, a different prescription is required to identify the spheroid masses of the merging galaxies, and hence the SMBH masses in the merging galaxies. Consider a merger between a galaxy of type i, with mass M * , and a galaxy of type j, with mass M * µ * , where i and j each denote either an early-type or a late-type galaxy. The fraction of cases where this merger will occur is given by
, where Φ * is given by Equation (5) and the mass functions are evaluated at a mass M * µ * . The SMBH masses corresponding to the galaxies of types i and j, M•, i and M•, j respectively, are described by the probability density function in Equation (6) for M sph given by M sph, i (M * ) and M sph, j (M * µ * ) respectively. Hence, in order to calculate Ayr, we combine Equations (3), (4), (5), (6) and (16) as follows:
We evaluate this integral numerically by summing over the integrand in bins of log M * , z, log µ * , log M•, 9, i, and log M•, 9, j . We also count the numbers of individual binary SMBHs in each bin with different values of hs radiating GWs at fyr within a nominal bandwidth of ∆f = (10 yr) −1 . Finally, we record the rate of memory bursts in each bin with corresponding amplitudes hmem. These latter operations are equivalent to numerically evaluating the conditional densities of GW sources in terms of hs and hmem.
Summary of assumptions
Our fiducial model for GW emission from SMBH binaries includes observational estimates of the average time between galaxy mergers, the M• − M sph relation and the GSMF. The model also includes the definitions of M sph, early and M sph, late in Equations (8) and (9), and a redshiftindependent α in the M• − M sph relation (Equation 6). The key assumptions in this model are as follows.
(i) The true early-and late-type GSMFs, the average times between major (µ * 1/3) mergers and the probabilities of different values of µ * , for massive galaxies with M * > 10 10 M⊙ and z < 3, are accurately described by the current observations.
(ii) The relative numbers of massive major mergers corresponding to the four possible galaxy type combinations are determined only by the GSMFs.
(iii) Every massive galaxy contains a central SMBH with a mass that can be inferred using empirical M sph − M * and M• − M sph relations, with no redshift evolution for z < 3, and no intrinsic scatter in the M sph − M * relation.
(iv) In each massive galaxy major merger remnant, the central SMBHs form a bound binary that circularises before an observed GW emission frequency at the Earth in the PTA band is reached.
(v) Binary SMBH coalescence in a major merger remnant occurs within a time that is much shorter than the time between major mergers. Some of the above assumptions are conservative with respect to GWs from binary SMBHs. We consider three variations to these assumptions: (i) We replace the relationship between M sph and M * for early-and late-type galaxies (Equations 8 and 9) with that of , which leads to a larger early-type spheroid mass function.
(ii) We assume redshift evolution in the M• − M sph relation and set K = 1 as described in §2.1.5.
(iii) We incude nominal intrinsic scatter in the M sph −M * relation as described in §2.1.4.
RESULTS
In this section, we consider predictions for the GWB amplitude Ayr, for the counts of individual binary SMBH GW sources, and for the counts of GW memory bursts. We consider the allowed ranges of these predictions from observational uncertainties as well as from particular choices of our model prescription. We also compare our work with previous results.
The characteristic strain spectrum of the GWB
Our fiducial model results in a most likely predicted GWB amplitude of Ayr = 1.2 × 10 −15 . To evaluate the uncertainty in this prediction, we consider the effects of randomising over the parameter values for the average time between galaxy mergers, the M• − M sph relation and the GSMF within the observational uncertainty. We assume that all posterior predictive distributions for the parameters from the observations are normal distributions, and defined by the given confidence intervals. We generated 640 realisations of Ayr when allowing each of the three observed quantities listed above to vary individually, and also generated 640 realisations when allowing all the quantities to vary together. The four resulting histograms are shown in Figure 1 , along with the fiducial value of Ayr. Roughly equivalent uncertainties in Ayr are caused by uncertainties in Γ(M * , z) and the M• − M sph relation. The induced uncertainty in Ayr caused by the observed GSMF is a factor of two larger. The combined 90% confidence interval in Ayr, defined by the 5th and 95th percentiles of the grey shaded histogram in Figure 1 , is 9 × 10 −16 < Ayr < 1.8 × 10 −15 . We also consider the effects of adopting the three modifications to the fiducial model listed in §2.4. First, if we adopt the prescriptions for M sph, early and M sph, late from Sesana (2013) as discussed in §2.1.4, we obtain Ayr = 1.4 × 10 −15 . The increase over the fiducial value is caused by the larger SMBH masses assigned to the most massive, predominantly early-type galaxies with M * > 10 11 M⊙, that become common at the lowest redshifts. This is illustrated in Figure 2 , which shows contributions to the total value of Ayr from different redshift intervals for the fiducial model (black triangles) and for the model with the Sesana (2013) prescription (red squares). Second, if we instead modify the fiducial model by including a redshift-dependent α in the M• − M sph relation, such that SMBHs at z = 2 are a factor of three larger for a given M sph than at z = 0, we obtain Ayr = 1.7 × 10 −15 . This increase over the fiducial model, also illustrated in Figure 2 (green circles), is caused by the larger SMBH masses than in the fiducial model. The increase is not as large as naïvely expected because the dominant contribution to Ayr is from 0.2 z 1. If both these modifications to the fiducial model are applied together, we find Ayr = 2.1 × 10 −15 . Including intrinsic scatter in the M sph − M * relation as described in §2.1.4 results in an increase of 4% over the fiducial GWB amplitude. If, however, we combine intrinsic scatter in the M sph − M * relation with the two other modifications to the fiducial model described above, we obtain our most optimistic prediction for the GWB amplitude of Ayr = 2.2 × 10 −15 . In Table 1 , we provide a summary of the GWB amplitudes derived using different combinations of assumptions. In the Table, 'Fiducial ' refers to the fiducial model, 'Fiducial+1 ' refers to the fiducial model with more optimistic relations between galaxy and spheroid stellar masses, 'Fiducial+2 ' refers to the fiducial model with redshift evolution in the M• −M sph relation, 'Fiducial+1+2 ' refers to the fiducial model with both these modifications and 'Fiducial+1+2+3 ' refers to the latter case combined with intrinsic scatter in the M sph −M * relation. The observational errors in the fiducial prediction imply ∼ 0.3 dex uncertainty in each predicted GWB amplitude.
We next compare our model results for Ayr with earlier predictions and with the best published observational upper limit on the GWB amplitude, derived using PPTA data by Shannon et al. (2013) . In Figure 3 , we show the range of GWB amplitudes predicted by our fiducial model along with our most optimistic prediction. We depict the limit of Shannon et al. (2013) as a single dot to reflect the GW frequency at which the limit was placed; assuming a power law GWB characteristic strain spectrum (Equation 1), this is equivalent to constraining Ayr < 2.4 × 10 −15 with 95% confidence. Intriguingly, our most optimistic prediction of Ayr = 2.2 × 10 −15 is only just below this constraint. In Figure 3 , we also show 68% confidence intervals on Ayr from Sesana (2013) and Kulier et al. (2013) , as well as a 68% confidence interval on the characteristic strain spectrum when assumptions about binary SMBH circularity and GW-driven evolution are relaxed (Ravi et al. 2014) . These are the three most recent predictions for the characteristic strain spectrum; all three predictions account for the most recent determinations of the M• − M sph relation (McConnell & Ma 2013; Kormendy & Ho 2013) . The confidence interval from is broad because it includes numerous combinations of different observed galaxy Figure 3 . The black solid line shows the fiducial model characteristic strain spectrum with Ayr = 1.2 × 10 −15 and assuming the form of Equation (1), and the blue hatched area depicts the 90% confidence interval in this value. The green dotted line represents our most optimistic prediction with Ayr = 2.2 × 10 −15 (see text for details). The grey shaded area represents the approximate 68% confidence interval for the characteristic strain spectrum predicted by Ravi et al. (2014) , the short 'dark orchid' lines labeled 'S13' indicate the 68% confidence interval for Ayr predicted by and the short 'golden rod' lines labeled 'K13' indicate the 68% confidence interval for Ayr predicted by Kulier et al. (2013) . The locations of the 'S13' and 'K13' short lines on the plot are not important. The black dot indicates the most recent upper limit on the GW background amplitude from the PPTA ) and the vertical dashed line indicates a frequency of (1 yr) −1 . merger rates and stellar mass functions, as well as uncertainty in relating M sph to M * . This is different to our study, because we calculate a confidence interval in Ayr corresponding to observational uncertainty in what we consider to be the most accurate measurements alone. A semi-analytic approach (Guo et al. 2011 ) was used by Ravi et al. (2014) to predict SMBH-SMBH coalescence rates within the Millennium simulation (Springel et al. 2005) , coupled with prescriptions for binary SMBH orbital evolution in stellar environments (Sesana 2010) . The results of Ravi et al. (2014) indicate that the characteristic strain spectrum may be attenuated relative to the circular binary SMBH orbit, GWdriven evolution case at frequencies f 10 −8 Hz. The prediction of Kulier et al. (2013) is derived from hydrodynamic numerical galaxy formation simulations in cluster and field environments, but may be biased relative to semi-analytic galaxy formation models implemented in large-volume numerical dark matter simulations because of the specific choice of overdense and underdense regions to study. It is encouraging, however, that different models appear to agree on the amplitude of the characteristic strain spectrum from binary SMBHs.
Individual GW sources
In the process of evaluating Equation (17), we also calculate the numbers of individual binary SMBHs that produce continuous wave (CW) GW signals, along with the numbers of GW memory bursts emitted during SMBH-SMBH coalescence events. We count individual binaries emitting GWs at frequencies f = fyr in a frequency bin of width ∆f = (10 yr) −1 and evaluate the numbers of binaries with GW strain amplitudes, hs (Equation 11). These results are shown in the left panel of Figure 4 for the fiducial model as well as for our most optimistic model where we adopt all the variations listed in §2.4 to the fiducial assumptions. For the fiducial model results, we also show a 90% confidence interval derived from 640 realisations with randomisation over all observational uncertainties. From Equation (13), the characteristic amplitude of the sinusoidal ToA variations induced by a binary SMBH with strain amplitude hs at f = fyr, over a 10 yr observation, is σR = 21(hs/10 −15 ) ns.
Scaling the CW source counts to other GW frequencies is non-trivial. We can write the GW strain amplitude of a binary SMBH radiating at a frequency f as hs = hs, yr (f /fyr) 2/3 , where hs, yr is the strain amplitude radiated by that binary at a frequency fyr. Furthermore, the total number of binaries per unit frequency radiating GWs at a frequency f is related to the number of binaries per unit frequency radiating GWs at fyr by the factor (f /fyr) −11/3 (e.g., Phinney 2001), assuming GW-driven binary orbital evolution. Then, the number of binaries per unit frequency emitting GWs at or above a strain amplitude of hs, at a frequency f , may be written as n(f, hs) = n(fyr, hs(f /fyr) −2/3 )(f /fyr) −11/3 . For example, while the fiducial model predicts ∼10 −2 CW sources with hs 10
in a frequency bin of width ∆f = (10 yr) −1 at f = fyr, this prediction changes to ∼0.1 sources at f = fyr/5 with hs 10 −15 in the same frequency bin width.
We can directly compare our predicted CW source counts with the work of Sesana et al. (2009) . These authors considered a wide variety of SMBH growth scenarios within the framework of a semi-analytic model for galaxy formation (Bertone et al. 2007 ) implemented in the Millennium simulation results (Springel et al. 2005) . We directly compare predictions for the number of binary SMBHs inducing ToA variations with characteristic amplitudes σR 30 ns. For consistency with Sesana et al. (2009) , we consider an observation time span of T = 5 yr and GW frequencies f > 3 × 10 −9 Hz, and integrate over the number of sources per unit frequency with σR 30 ns in the range 3 × 10 −9 − 10 −7 Hz (integrating to higher frequencies does not significantly alter our results). We neglect the issue of whether these signals are resolvable given the presence of a GWB. We predict 0.9 and 2.4 CW sources with σR 30 ns for our fiducial and most optimistic models respectively, whereas Sesana et al. (2009) predict between 0.05 and 3 such sources (their Figure 3) . Our predictions are hence consistent with those of Sesana et al. (2009) , in particular given that the GWB amplitudes predicted by our models lie in the upper end of the range predicted by Sesana et al. (2009) . 11 ) at a GW frequency of fyr in a frequency bin of width ∆f = (10 yr) −1 . Right: the numbers of GW memory bursts per year at and above given strain amplitudes (hmem, Equation 14). In both panels, the results of the fiducial model are shown as black solid curves and the 5th and 95th percentiles are shown as blue dashed curves. The results from our most optimistic model (see text for details) are shown as red dotted curves.
We also predict the numbers of binary SMBH coalescence events per observed year at or above a given GW memory burst amplitude, hmem (see Equation 14) for hmem > 10 −16 . The results are shown in the right panel of Figure 4 , again for the fiducial model and our most optimistic model. For the fiducial model, we also show a 90% confidence interval.
In summary, the expected numbers of individual GW sources predicted by our empirical binary SMBH model are small. Approximately one CW source is expected to induce ToA variations with characteristic amplitudes 30 ns over a 5 yr observation time span. Also, approximately one GW memory burst with hmem > 5 × 10 −16 is expected every 1000 yr. We consider the implications of these results for PTAs in more detail below.
DISCUSSION
Our fiducial model provides predictions for the amplitude of the GW characteristic strain spectrum from binary SMBHs, as well as for the occurrence of individual GW sources. These predictions are conservative for a number of reasons. (i ) We do not account for minor galaxy mergers with stellar mass ratios µ * < 1/3, or for mergers where the more massive galaxy has a mass M * < 10 10 M⊙.
(ii ) Our choice for the conversion between M * and M sph is also conservative relative to other studies , and we do not include any increase with redshift in the M•/M sph fraction despite mounting evidence that this is indeed the case (Kormendy & Ho 2013 , and references therein). (iii ) More massive galaxy mergers than our model suggests could also be present because the most massive galaxies are typically found in cluster environments, where times between galaxy mergers are shorter (cf. Lotz et al. 2013) . (iv ) Finally, we do not consider the possibility of gas accretion onto SMBHs prior to coalescence during galaxy mergers (e.g., Van Wassenhove et al. 2012) , which would raise the SMBH masses and hence the emitted GW amplitudes (e.g., Sesana et al. 2009 ).
We note that our fiducial model is reliant on the assumptions listed in §2.5. If a GWB with an amplitude corresponding to our fiducial prediction were to be ruled out by PTAs in the future, this would imply that one or more of these assumptions are likely to be false. For example, it may be possible that the observational measurement of the time between galaxy mergers (Γ in Equation 7) is underestimated, as this measurement relies on theoretical calculations of the timescales over which evidence for merging may be observed (Lotz et al. 2008) . Recent work (e.g., Sesana 2010; Roedig et al. 2011; Khan et al. 2012) has shown that binary SMBHs in major merger remnants are expected to have eccentric orbits, and lose energy and angular momentum to their environments. These effects could lower the GWB characteristic strain spectrum with respect to the power-law in Equation (1) for frequencies f 10 −8 Hz Ravi et al. 2014) . PTA constraints at higher frequencies will not be affected by our assumption of circular, GW-driven binary SMBHs. It may be possible, however, that binary SMBHs do not always coalesce on timescales less than the times between galaxy mergers. The interaction between a binary SMBH and a third SMBH would likely cause the least massive SMBH to be ejected (e.g., Gerosa & Sesana 2014) , lowering the number of coalescing SMBHs. Also, if not every massive galaxy at z ∼ 1 formed with a central SMBH, the GWB amplitude would again be lowered.
Similar arguments can be made for each of our predicted GWB amplitudes, listed in Table 1 . For example, consider a scenario where a future PTA excludes our prediction of Ayr = 1.7 × 10 −15 , corresponding to the fiducial model with redshift evolution in the M• − M sph relation. This would imply that the redshift evolution in the M• − M sph relation is not as strong as we assume, if all the fiducial assumptions were taken to be correct.
A significantly more sensitive PTA data set is, however, required to detect a GWB of a given amplitude than to exclude a GWB of that amplitude. Pulsar timing data are affected by many noise processes, some of which cause correlations between timing measurements of different pulsars (e.g., Foster & Backer 1990; Cordes 2013) . Unlike the procedure of forming upper limits on Ayr, the detection of a GWB requires that its effects on a PTA data set must be shown to be isolated from all noise processes. In practice, this relies on the pairwise correlations between multiple contemporaneous pulsar timing data sets being shown to be consistent with the 'Hellings & Downs' function of the angular separation between pulsars on the sky (Hellings & Downs 1983) .
The finiteness of the binary SMBH population implies that some unaccounted for scatter will be present in the GW signals produced by this population. The magnitude of this unaccounted for scatter in Ayr depends on exactly how many binary SMBH systems dominate the GWB. We attempt to quantify this in Figure 5 . The figure displays the number of binary SMBHs in our fiducial model radiating at a GW frequency of fyr in a frequency bin of width ∆f = (10 yr)
−1 corresponding to galaxy mergers with primary stellar masses M * (top), as well as the fractions of A 2 yr contributed by these binaries (bottom). It is important to quantify fractional contributions to A 2 yr rather than Ayr because we directly sum over the squares of GW strain amplitudes of individual binary SMBHs to derive A 2 yr /fyr (see Equation 17 ). It is evident that, for example, 50% of A 2 yr is contributed by ∼ 50 binaries, and 90% of A 2 yr is contributed by ∼ 1000 binaries. However, the numbers of binaries at other GW frequencies will be different, scaling as (f /fyr) −11/3 as discussed above. Hence, more binaries will contribute the same fractions of the squared strain spectrum at lower GW frequencies. While 'intrinsic' scatter in the expected characteristic strain spectral amplitude will vary as a function of GW frequency, the summing over > 50 sources for frequencies f fyr suggests that this scatter will be small compared to the error range of our predictions.
Figure 5 also provides insight into the statistics of the ToA variations induced by GWs from binary SMBHs. Using a semi-analytic galaxy formation model implemented in the Millennium simulation (Guo et al. 2011 ), Ravi et al. (2012 suggested that these statistics would be mildly non-Gaussian for frequencies f > fyr/5 because of appreciable contributions to the squared characteristic strain spectrum, h 2 c (f ), from individual binaries at every GW frequency. Our fiducial model suggests that the contributions of individual GW sources to h 2 c (f ) are lower than estimated by Ravi et al. (2012) . For example, the modelling in Ravi et al. (2012) found that one source contributed ∼ 50% of h 2 c (f ) at a frequency of 2fyr/3 in a frequency bin of width (5 yr) −1 (their Figure 2) . In contrast, our empirical modelling in this paper suggests that the strongest ∼ 400 sources in such a frequency bin contribute ∼ 50% of h 2 c (2fyr/3). The reasons for this disparity are to do with differ- ing predictions for the numbers of the most massive binary SMBHs. While the true solution to this discrepancy will only be determined through GW observations, we point out that the Schechter functions for the galaxy stellar mass functions that we use under-represent observed galaxy counts at the highest masses and the lowest redshifts (Baldry et al. 2012; Muzzin et al. 2013 ). Hence, it is possible that our model under-represents the contributions of the most massive binary SMBHs to the total GW signal, as well as the amplitude of the characteristic strain spectrum and the numbers of bright individual GW sources. Differing typical galaxy merger mass ratios in cluster and field environments (e.g., Lotz et al. 2013 ) are a further complicating factor.
IMPLICATIONS FOR PTAS
To identify the implications of our work for PTA research, we define current and expected sensitivities of PTAs to GWs from binary SMBHs, and compare these with our predictions. We discuss in turn each of the three source classes considered in this paper.
The GWB from binary SMBHs
The summed signal from binary SMBHs is generally considered to be a stochastic background which induces Gaussian ToA variations (although see Ravi et al. 2012) . Estimating the future sensitivities of PTAs to a GWB with a characteristic strain spectrum of the form in Equation (1) is extremely complicated. For example, future pulsar observing systems and cadences, new pulsar discoveries, the magnitude of the effects of the interstellar medium and red pulsar timing noise characteristics, all of which significantly affect PTA sensitivities, are difficult to forecast because of a lack of quantitative, predictive models. However, an idealised treatment of the problem by Siemens et al. (2013) suggests that, at least for the NANOGrav PTA collaboration, a GWB with amplitude Ayr = 10 −15 will likely be detectable before the year 2020. We note that Siemens et al. (2013) assumed that the GWB characteristic strain spectrum has the power law form given in Equation (1).
We have argued in this paper that, given the fiducial assumptions listed in §2.4, a conservative, empirical prediction for the GWB amplitude is Ayr = (1.2
−15 with 90% confidence. Including a less conservative relation between spheroid and galaxy masses increases the expected value to Ayr = 1.4 × 10 −15 , and including the possibility of redshift evolution in the SMBH-spheroid relation increases the expected value to Ayr = 1.7 × 10 −15 . Our most optimistic prediction, combining both these possibilities with the effects of our assumed scatter in the M sph − M * relation (see §4), is Ayr = 2.2 × 10 −15 . We therefore suggest that detecting a GWB from binary SMBHs is indeed an attainable, short-term goal for PTAs.
CW signals from individual binary SMBHs
Future PTAs constructed with upcoming telescopes such as the Square Kilometre Array (SKA, Cordes et al. 2004) and the Five Hundred Metre Aperture Spherical Telescope (FAST, Li, Nan & Pan 2013) will include ∼100 pulsars with timing noise standard deviations of ∼100 ns. Ellis et al. (2012) constructed theoretical sensitivity curves using simulated PTA datasets with either 100 arbitrarily-located pulsars or 17 pulsars at the locations of the best-timed pulsars observed by the NANOGrav collaboration, in all cases with timing noise standard deviations of 100 ns and 5 yr observation times. These sensitivity curves, shown in their Figure 5 , represent the values of hs at different frequencies at which the probability of a false detection was less than 10 −4 in 95% of realisations of their simulated datasets. We predict the numbers of detectable sources for PTAs with these sensitivity curves by evaluating the following integral:
where hsens(f ) is the sensitivity curve and
is the predicted number of sources with strain amplitudes hs hsens(f ) per unit frequency at a frequency f . The sensitivities of PTAs to CW sources are generally poor for frequencies f 10 −7 Hz (Ellis et al. 2012 ) and few sources are expected at these frequencies. Using our predictions for the numbers of individual binaries with different strain amplitudes at fyr in a frequency bin of width ∆f = (10 yr) −1 , we evaluate dF (hsens) df by dividing the source counts by ∆f and scaling them as described in §3.2. Then, for the fiducial model and for the two sensitivity curves of Ellis et al. (2012) corresponding to their coherent F-statistic, we obtain predictions of approximately 0.01 and 0.2 detectable sources for the 17-and 100-pulsar cases respectively. For our most optimistic model, combining all the modifications listed in §2.4 to our fiducial assumptions, we obtain predictions of approximately 0.02 and 0.5 detectable sources for the 17-and 100-pulsar cases respectively. In contrast, the early PPTA sensitivity curve produced by Yardley et al. (2010) , shown in their Figure 2 , corresponds to 10 −7 detectable sources. Besides uncertainties in our model predictions, the actual numbers of detectable sources in specific datasets will be approximately Poisson-distributed with rate parameters corresponding to our predictions. Furthermore, 'noise' caused by the summed GW signal from the binary SMBH population will also increase the difficulty of detecting individual binaries (e.g., Sesana et al. 2009; Ravi et al. 2012 ).
GW memory bursts from coalescing binary SMBHs
A PTA with 20 pulsars being timed with a precision of 100 ns for 10 yr, is sensitive to memory bursts with amplitudes hmem > 5 × 10 −15 over 70 − 80% of the data span (van Haasteren & Levin 2010; Cordes & Jenet 2012) . As the sensitivity of such an idealised PTA to memory bursts scales roughly as the square root of the number of pulsars (van Haasteren & Levin 2010), a PTA with 100 pulsars timed with 100 ns precision for 10 yr may be sensitive to memory bursts with hmem > 2 × 10 −15 . However, our model suggests that only ∼10 −5 bursts with hmem > 5 × 10 −15 and ∼10 −3 bursts with hmem > 2 × 10 −15 are expected over the observation time. Thus, it appears unlikely that GW memory bursts from coalescing binary SMBHs represent viable sources for PTAs.
CONCLUSIONS
Using observational estimates of the galaxy merger rate and SMBH-galaxy scaling relations, we have predicted the strength of the GWB from binary SMBHs, as well as the occurrence of individual binary SMBH GW sources. Our approach is to use the most accurate observational estimates for the average times between major mergers for galaxies with M * > 10 10 M⊙ and z < 3 and for the GSMFs of earlyand late-type galaxies in this mass and redshift range. We combined these quantities with empirical relations between galaxy and spheroid stellar masses and between spheroid and SMBH masses.
In the most optimistic scenario we consider, a PTA consisting of ∼100 pulsars timed with ∼100 ns precision for 5 yr is required to have a 50% chance of detecting a single binary SMBH. Even such a PTA will have a less than 0.1% chance of detecting a GW memory burst from a coalescing binary SMBH. Thus, while an individual binary SMBH may be detectable with a future PTA based on next-generation radio telescopes, memory bursts from coalescing SMBHs are not likely to be detectable with any envisaged PTA. We caution, however, that our model may somewhat under-represent the numbers of individual bright GW sources.
On the other hand, our fiducial model results in a characteristic strain amplitude of the GWB of Ayr = (1.2 +0.6 −0.3 ) × 10 −15 with 90% confidence, accounting for observational uncertainties. This amplitude is within the sensitivity ranges of current and future PTAs. Given more optimistic relations between galaxy and spheroid stellar masses, standard assumptions for the redshift evolution of the relation between SMBH and spheroid masses and intrinsic scatter in relating spheroid to galaxy stellar masses, the predicted GWB amplitude may increase up to 2.2 × 10 −15 . This is only a little below the best published 95% confidence upper limit on the GWB amplitude of Ayr < 2.4×10
−15 . A gravitational-wave background generated by binary supermassive black holes is therefore an extremely promising prospect for pulsar timing array studies. If a signal as large as our fiducial predicted amplitude is not detected, the current theoretical framework for the evolution of the supermassive black hole population will have to be modified.
